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Abstract 

We show that if G is a nontrivial, finite group of odd order, whose commutator subgroup [G, G] is 
cyclic of order p^q v ', where p and q are prime, then every connected Cayley graph on G has a 

hamiltonian cycle. 
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1 Introduction 

It has been conjectured that there is a hamiltonian cycle in every connected Cayley graph on any 
finite group, but all known results on this problem have very restrictive hypotheses (see J2] [T3] Q3] 
for surveys). One approach is to assume that the group is close to being abelian, in the sense that 
its commutator subgroup is small. This is illustrated by the following theorem that was proved in a 
series of papers by Marusic lfl2l . Durnberger |3 4], and Keating- Witte ifTUl : 

Theorem 1.1 (D. Marusic, E. Durnberger, K. Keating, and D. Witte, 1985). If G is a nontrivial, finite 
group, whose commutator subgroup [G, G] is cyclic of order p^, where p prime and fj, € N, then 
every connected Cayley graph on G has a hamiltonian cycle. 

Under the additional assumption that G has odd order, we extend this theorem, by allowing the 
order of [G, G] to be the product of two prime-powers: 

Theorem 1.2. If G is a nontrivial, finite group of odd order, whose commutator subgroup [G, G] is 
cyclic of order p^q v ' , where p and q are prime, and /i, v 6 N, then every connected Cayley graph 
on G has a hamiltonian cycle. 



Remark 1.3. Of course, we would like to prove the conclusion of Theorem 1 .2 without the assump- 
tion that \G\ is odd, or with a weaker assumption on the order of [G, G], 

If A*, v < 1, then there is no need to assume that [G, G] is cyclic: 

Corollary 1.4. If G is a nontrivial, finite group of odd order, whose commutator subgroup [G, G] 
has order pq, where p and q are distinct primes, then every connected Cayley graph on G has a 
hamiltonian cycle. 
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This yields the following contribution to the ongoing search ifTTI for hamiltonian cycles in Cayley 
graphs on groups whose order has few prime factors: 

Corollary 1.5. If p and q are distinct primes, then every connected Cayley graph of order 9pq has a 
hamiltonian cycle. 
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2 Preliminaries 

2A Assumptions, definitions, and notation 
Assumption 2.1. 

1. G is always a finite group. 

2. S is a generating set for G. 

Definition 2.2. The Cayley graph Cay(G; S) is the graph whose vertex set is G, with an edge from 
g to gs and an edge from g to gs^ 1 , for every g £ G and s € S. 

Notation 2.3. 

• We let G" = [G, G] and G = G/G'. Also, for jeG.we let g = gG' be the image of g in G. 

• For g,h £ G, we let g h = hr 1 gh and [g, h] = g~ 1 h~ 1 gh. 

• If H is an abelian subgroup of G and /c £ Z, we let 

# fc = | ft e h }. 



This is a subgroup of H (because H is abelian). 
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Notation 2.4. For g G G and s%, . . . , s n £ S U S^ 1 , we use [p](si, . . . , s n ) to denote the walk in 
Cay(G; S) that visits (in order), the vertices 

9, gsx, gs\s 2 , gsis 2 s 3 , . . . , gsis 2 ■ ■ ■ s n . 

We often write (si, . . . , s n ) for [e](si, . . . , s„). 

Definition 2.5. Suppose 

• N is a normal subgroup of G, and 

• C = (si)?=i i s a hamiltonian cycle in Cay(G/iV; S). 

The voltage of C is n"=i s i- ^ s an e l ement of N, and it may be denoted HC. 
Remark 2.6. If C = [g](s u . . . , s„), then flLi ^ = (nC) 5 . 
Proof. There is some I with JT i=1 Sj G g~ 1 N . Then 

C = ( s ^+l) s ^+2) • • • > s nj Si, «2! • • • > s l), 

so 

(ITC) 9 = g~ 1 (si + is e+2 ■ ■ ■ s n sis 2 • • • Si)g 




=n s - ° 

i=l 

2B Factor Group Lemma and Marusic's Method 

Lemma 2.7 ("Factor Group Lemma" ITT31 §2.2]). Suppose 

• N is a cyclic, normal subgroup of G, 

• ( s i)^Li i s a hamiltonian cycle in Cay(G/JV; 5), and 

• the product sis 2 ■ ■ ■ s m generates N. 

Then (si, s 2 , . . . , s m )' N ' is a hamiltonian cycle in Cay(G; S). 

The following simple observation allows us to assume \N\ is square-free whenever we apply the 
Factor Group Lemma [(2.7)| 

Lemma 2.8 ((TO] Lem. 3.2]). Suppose 

• N is a cyclic, normal subgroup of G, 

• N = N/& is the maximal quotient of N that has square-free order (so $ is the "Frattini 
subgroup" of N), 

• G = G/$, 

• (s 1; S2, ■ ■ • , s m ) is a hamiltonian cycle in Cay(G/iV; 5), and 

• the product si s 2 ■ ■ ■ s m generates N. 



4 



Dave Witte Morris 



Then S1S2 ■ ■ ■ s m generates N, so (si, S2, ■ ■ ■ , s m y N ' is a hamiltonian cycle in Cay(G; S). 

Remark 2.9 (cf. [7, Thm. 5.1.1]). When applying Lemma 2.8 it is sometimes helpful to know that 
if 



• N,N = 7Y/$, and G = G/$ are as in Lemma |Z8] and 

• S 1 is a minimal generating set of G. 

Then S is a minimal generating set of G. 

Lemma 2.10 ("Marusic's Method" Q2), cf. (TOj Lem. 3.1]). Suppose 

• SoQS, 

• (Sq) contains G', 

• there are hamiltonian cycles C\, . .. ,C r in Cay((So)/G'; So) that all have an oriented edge 
in common, and 

• for every 7 g G", there is some i, such that (7 ■ nCj) = G'. 

Then there is a hamiltonian cycle in Cay(G/G'; S 1 ) whose voltage generates G' . Hence, the Factor 
Group Lemma (2.7) provides a hamiltonian cycle in Cay(G; S). 

Corollary 2.11. Assume G' = Z p x Z q , where p and q are distinct primes. Then, in the situation of 
Marusic's Method |(2.10)| the final condition (*) can be replaced with either of the following: 

1. r = 3, and ((IlC i )- 1 (IlC j )) = G' whenever 1 < i < j < 3. 

2. r = 4, and 



((UC 1 )- 1 (nC 2 )) contains Z p , and 

((nGO-^nGa)) = ((nGa)- 1 ^)) = Z 



Proo/ Let 7 e G'. 

([T]i Consider the three elements 7 • IIGi, 7 • IIG2, and 7 • IIG3 of Z p x 7L q . By assumption, no 
two have the same projection to Z p , so only one of them can have trivial projection. Similarly for 
the projection to Z q . Therefore, there is some i, such that 7 • ITGi projects nontrivially to both Z p 
and Zg. Therefore (7 • UC l ) = G' . 

^ There is some i 6 {1, 2}, such that 7 • HCi projects nontrivially to Z p . We may assume the 
projection of 7 • IIGi to Z g is trivial (otherwise, we have (7 • IIGi) = G', as desired). Then 7 • IIGi+2 
has the same (nontrivial) projection to Z p , but has a different (hence, nontrivial) projection to 7L q . 
So (7 ■ IIG l+2 ) = G'. ' ' □ 

2C Some known results 

We recall a few results that provide hamiltonian cycles in Cay(G; S) under certain assumptions. 

Theorem 2.12 (Witte fT4|). If |G| = p^, where p is prime and /i > 0, then every connected Cayley 
digraph on G has a directed hamiltonian cycle. 

Theorem 2.13 (Ghaderpour-Morris |6|). If G is a nontrivial, nilpotent, finite group, and the com- 
mutator subgroup of G is cyclic, then every connected Cayley graph on G has a hamiltonian cycle. 

Theorem 2.14 (Ghaderpour-Morris Q). If |G| = 27p, where p is prime, then every connected 
Cayley graph on G has a hamiltonian cycle. 
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Corollary 2.15 (of proof). If G is a finite group, such that \G/G'\ = 9 and G' is cyclic of order 
p* 1 ■ 3", where p > 5 is prime, then every connected Cayley graph on G has a hamiltonian cycle. 

Proof. Let G = G/(G') 3p . Then \G\ = 27p and |G'| = 3p, so the proof of Props. 3.4 and 3.6] 
provides a hamiltonian cycle in Cay(G/G'; S) whose voltage generates G'. Then Lemma 2.8 pro- 
vides a hamiltonian cycle in Cay(G; S). □ 

Theorem 2.16 (Alspach [L Thm. 3.7]). Suppose 

• seS, 

• (s)<G, 

• |G/ (s) | is odd, and 

• there is a hamiltonian cycle in Cay (G/(s); S). 

Then there is a hamiltonian cycle in Cay(G; S). 

This has the following immediate consequence, since every subgroup of a cyclic, normal sub- 
group is normal: 

Corollary 2.17. Suppose 

• G' is cyclic, 

• s e s n G', 

• |G/ (s) | is odd, and 

• there is a hamiltonian cycle in Cay(G/ (s); S). 
Then there is a hamiltonian cycle in Cay(G; S). 

2D Group theoretic preliminaries 

We recall a few elementary facts about finite groups. 

Lemma 2.18 ([6, 3.11]). Suppose 

• (a, b) = G, 

• G' is cyclic of square-free order, and 

• G' C Z{G). 

Then | [a, b] \ is a divisor of both (a) and | G / (a) \ . 

Lemma 2.19 (J6] Lem. 3.12]). If G = (a, 6), and G' is cyclic, then G' = ([a, 6]). 

Corollary 2.20. Suppose 

• (a, G') = G, and 

• G' is cyclic of square-free order. 

Then a does not centralize any nontrivial subgroup of G'. 

Proof. Let 7 be a generator of the cyclic group G', and let G = G/ ([a, 7]), so a centralizes 7. Then 



G' = (7) C Z(G), so Lemma 2.18 tells us that |G'| = | [a, -y] | is a divisor of \G/(a)\ = 1. This 
means G is abelian, so ([0,7]) = G = (7). This implies that a does not centralize any nontrivial 
power of 7. In other words, a does not centralize any nontrivial subgroup of G'. □ 
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Lemma 2.21. Suppose 

• G = Z3M is cyclic of order 3 M , for some /ieN, and 

• G/(G') 3 is a nonabelian group of order 27. 

Then 

1 . the elements of order 3 (together with e) form a subgroup of G, 

2. /i = 1 (so |G| = 27), and 

3. (ab) 3 = a 3 b 3 for all a,b G G. 

Proof. Note that |G| = 3 M+2 , so G is a 3-group. Since G' is cyclic (and 3 is odd), it is not difficult 
to show 

(ab) 3 e a 3 b 3 (G') 3 , for all a,b e G. (2.21A) 

(This is a special case of [9, Satz 111.10.2(c), p. 322].) 

1 This is immediate from (2.21A I. (This is a special case of |9, Satz 111.10.6(a), p. 326].) 



(1 
(2 



Since G/G' = Z3 x Z3, there is a 2-element generating set {a, b} of G. (In fact, every 
minimal generating set has exactly two elements [9, 3.15, p. 273].) Since a 3 , b 3 6 G', we see from 
(2.21 A 1 that we may assume b 3 € (G') 3 (by replacing b with ba or ba^ 1 , if necessary). Furthermore, 
by modding out (G') 9 , there is no harm in assuming /j, < 2, so (G') 3 C Z(G). Therefore \a, b 3 ] = e, 



so (9] Satz 10.6(b), p. 326] tells us that [a, b} 3 = e. Since ([a, b]) = G' (see Lemma |2T9| l, this 
implies fi= 1. 



^ Since \i = 1, we have (G') 3 = {e}, so this is immediate from (2.21AI. □ 
2E Proofs of Corollaries lL4l and H31 

Proof of Corollary 1 1.4| Assume, without loss of generality, that p < q. Then Sylow's Theorem 
implies that G' has a unique Sylow g-subgroup Q, so Q <J G. Therefore G acts on Q by conjugation. 
Since Q — Z ? , we know that the automorphism group of Q is abelian (more precisely, it is cyclic of 
order q — 1), so this implies that G' centralizes Q. So Q C Z(G'). Since G'/Q is cyclic (indeed, it is 
of prime order, namely, p), this implies that G' is abelian. Since p ^ q, we know that every abelian 



group of order pq is cyclic, so we conclude that G' is cyclic. Therefore Theorem 1.2 applies. □ 



Proof of Corollary [L5j Assume |G| = 9pq. We may assume p and q are odd, for otherwise |G| 
is of the form 18p, so ifTTl Prop. 9.1] applies. Therefore |G| is odd, so it suffices to show |G'| is a 
divisor of pq, for then Corollary |1.4| (or Theorem |l.l| i applies 



Note that we may assume 3 ^ {p, q}, for otherwise |G| is of the form 27p, so Theorem 2.14 
applies. Therefore, neither |Aut(Zg)| = 6 nor |Aut(Z3 x Z^)\ — 48 is divisible by either p or q, 
so Burnside's Transfer Theorem [7 Thm. 7.4.3, p. 252] implies that G has a normal subgroup N of 
order pq. Since |G/iV| = 9, and every group of order 9 is abelian, we know that G' C N, so |G'| is 
a divisor of \N\ = pq, as desired. □ 



Let us also record the fact that almost all cases of Theorem 1 .2 will be proved by using Marusic's 
Method |(2~T0)l 

Theorem 2.22. Assume 



• S is a minimal generating set for a nontrivial, finite group G of odd order, 
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• G' is cyclic of order p^q v , where p and q are prime, and fi,v G N, 

• for all se5,we have s <£ G' and G' % (s), 

• G/(G') 3 is not the nonabelian group of order 27 and exponent 3, and 

• either G/G' ^ Z 3 x Z 3 , or #5 ^ 2. 

Then, for every 7 e G", there exists a hamiltonian cycle C in Cay (G/G'; S), such that 711(7 
generates G". 

3 The usual application of Marusic's Method 

Applying Marusic's Method \{2. 10)| requires the existence of more than one hamiltonian cycle in a 
quotient of Cay(G; S). In practice, one usually starts with a single hamiltonian cycle and modifies 
it in various ways to obtain the others that are needed. The following result describes a modification 
that will be used repeatedly in the proof of Theorem |1. 2 1 

Lemma 3.1 (cf. Durnberger Q and Marusic IE)). Assume: 

• Co is an oriented hamiltonian cycle in Cay(G; S), 

• a,be 5 ±1 , g G G, and m e Z+, 

• Go contains: 



the oriented path [ 3 a~( m+1 )](a"\ b, a~ m ), and 

either the oriented edge [g] (b) or the oriented edge [gb]^ 1 ). 



Then there are hamiltonian cycles Go, C\, . . . , G m in Cay(G; S), such that 

(tor rVnr \Y = J^' 6 " 1 ] [« fe '^ 1 ] Q if C„ contains [g](b), 
\ [ °' [ k} ) \[b-\a k ][a k ,b- 1 ] a if Go contains [gb] {b~ 



Proof. Note that [g a -( m+1 *>](a m , b, a~ m ) contains the subpath [g a -^ k+ ^]{a k , b, a - k ) for < k < 
m. 

Case 1. Assume that Cq contains [g] (6). Construct G& by: 

• replacing the oriented edge [g] (b) with the oriented path [g](a~ k , b,a k ), and 

• replacing the oriented path [ga~( k+1 )](a k , b, aT k ) with the oriented edge [ga^^ k+1 ^](b) 

(see Figure[T]i. 

To calculate the voltage of Cu, write Go = [g] [s\ , . . . , s n ). There is some i with sT • • • se = a -1 , 

so 

C k = [g](a- k ,b,a k , (s^Z k , b, ( Sl )^ t+k+2 ) . 

For convenience, let 

h= f[ Si = (Y[sA = a (modG'). 

i=i+l \i=l / 
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gba 1 gb y 



ga 

r 



-(m+1) 



ga- 1 !T 



gba 



r 



ga k 



Figure 1: A portion of the hamiltonian cycles Co (top) and C k (bottom). 



Then, from Remark 2.6 (and the fact that G' is commutative), we have 



ft-k 



(HC k ) 9 = (a- k ba k ) (n*i m n * 

Vt=2 / \i=^+A;+2 / 



= [ a fc ,6- 1 ]-(nC ) 9 -[a fe ,&- 1 ] a 
- (nCo) 9 -^^" 1 ] [a fc ,6- 1 ] a . 



2=^+1 

k u-Uh 



[a r,b 



Case 2. Assume that Co contains [gb](b 1 ). This is similar. Construct C k by: 

• replacing the oriented edge [go]^ 1 ) with the oriented path [gb](a~ k , a fc ), and 

• replacing the oriented path [ga~( k+lS> ](a k , b, a~ k ) with the oriented edge [ga~( fc+1 )](6). 

(See Figure[T] but reverse the orientation of the paths in the right half of the figure.) 

To calculate the voltage of C k , write Co = [gb] (s±, . . . ,s n ). There is some £ with sj • ■ ■ 
a& , so 



C k = [gb](a- k ,b-\a k , {s t )tl b,(s^ =e+k+2 ) 



For convenience, let 



h= I | 



n 



ab (modC). 
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Then 

(nC k ) 9b = (a- k b-ia k )(lis)jb( f[ s) 

\i=2 ) \i=£+k+2 ) 

= (o- fc 6- 1 o*6) [Y[sA ar k ba k b- 1 ( f[ sA 
\i=i ) \i=e+i J 

= b-\bcT k b- l a k )b- [Y[sA ( fl sA ■[a k ,b- 1 ] h 
\i=i J \i=e+i J 

^[b- 1 ,a k } b -(UC ) 9b ■[a k ,b- 1 } ab 

= (HC Q y b ■ [b-\a k ] b [a k ,b- 1 ] ab . □ 
Remark 3.2. In the situation of Lemma |3~l| we have ^(nCo) _1 (nC fc )^) = ([a k ,b^ 1 ]) if either 

1. Co contains [g](b) and a does not invert any nontrivial element of ([a k , b^ 1 ]}, or 

2. Co contains \gb\(b~ l ) and a does not centralize any nontrivial element of ([a k , b^ 1 }). 

Note that if |G| is odd, then the hypothesis on a in Q is automatically satisfied (because no element 
of odd order can ever invert a nontrivial element). 

Corollary 3.3 (cf. H Case iv] and HO] Case 4.3]). Assume 

• a e S with (a) ^ G, 

• ( s i)t=i is a hamiltonian cycle in Cay(G/ (a); S), 

• a r Uf=i s i e C, with < r < |a| - 2, and 

• < k < \a\ - 3. 

Then the walk 

C k = (a fc , Sl ,a-( fe+1 ),( S2i! a^- 2 , S2i+1 ,a-^- 2 ))^ 3)/2 , 

s d ^a\ 8d , a-W-'-*\8 1 ,aW- k - a , ( Si )f=2, a^-^, s d ) 

is a hamiltonian cycle in Cay(G; S) (see Figure]^]), and we have 

nC fc = (UC )[a- k ,s^ 1 }[a- k ,sl 1 ] a '\ 
Proof. Co contains th e ori ented edge (si) and the oriented path [a' a '~ 2 ](a~(' a ' -3 \ si,a' a '~ 3 ), so 



we may apply Lemma 3.1 with g = e, b = Si, and a 1 in the role of a. □ 



4 Other applications of Marusic's Method 

Here are some other situations in which we can apply Marusic's Method [(2. 10) | 

Theorem 4.1 ((KB §4 and §5]). Suppose 
• |G|isodd, 
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Figure 2: A hamiltonian cycle C% in Cay(G; 5), where gj = Y[ 3 i=1 Si 



• G' = Z p u is cyclic of prime-power order, 

• S is a generating set of G, 

• 5 n G' = 0, and 

• G is not the nonabelian group of order 27 with exponent 3. 

Then there exist hamiltonian cycles C\ and Ci in Cay(G/G" ; S) that have an oriented edge in 
common, such that (nCi)~ 1 (nC2) generates G'. 



Proof. Lemma [2~8] allows us to assume \G'\ = p. Then the desired conclusion is implicit in ifTUl §4 
and §5] unless \G/G'\ ~Z 3 xZ 3 and p = 3. 

Therefore G/(G') 3 is a nonabelian group of order 27, so Lemma 2.2l| 2i tells us |G| = 27. By 
assumption, the exponent of G is greater than 3, so we conclude from Lemma 2.21p ) that S contains 
an element b with |6| > 9. We may assume S is minimal, so #5 = 2; write S = {a, b}. Then we 
have the following two hamiltonian cycles in Cay(G; S): 



Since Lemma 



Gi = (a 2 ,b) 3 and G 2 = (a 2 ,^ 1 ) 3 . 
2.21p i tells us (xy) 3 = x 3 y 3 for all x,y € G, and we have x 3 £ G' = Z(G) for all 



x € G, we see that 
since |6| > 9. 



□ 



We will use the following version of this result in Subcase|n]of Case |5. 12] 
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Corollary 4.2 (of proof). Suppose 

• |G|isodd, 

• G = Z p has prime order, 

• Z is a subgroup of Z(G), 

• 5nG'Z = (3, and 

• G is not nilpotent. 

Then there exist hamiltonian cycles C\ and C2 in Cay(G/(G" Z); S) that have an oriented edge in 
common, such that ((nC'i)~ 1 (ITC* 2 )) = G'. 

Proof. Choose a,b £ S with [a, b] ^ e. Since G is not nilpotent, we may assume a does not cen- 



tralize G' . Furthermore, since we are using Marusic's Method (2.10) there is no harm in assuming 
S = {a, b}. 

If b ^ (a, G', Z), then the proof of iflOl Case 5.3] provides two hamiltonian cycles C\ — (sj)" = i 
and G 2 = (*i)" = i in Csy(G/(G'Z); a, b), such that IIGi ^ UC 2 (and the two cycles have an 
oriented edge in common). From the construction, it is clear that (si)™ =1 is a permutation of (ti)f =1 , 
so(JLC 1 )- 1 (IlC 2 ) £ G'. 

We may now assume b £ (a, G' , Z). Then, letting n — \G : (a, G' , Z)\, there is some i, such 
that b % £ a l G'Z and < i < n. Therefore, we have the following two hamiltonian cycles in 
Cay(G/(G'Z); S) that both contain the oriented edge (b): 

C 1 = (M- (M) ,M n " M ), 

C 2 = {b,a n - l -\b,a- {l -V) = [a]Cv. 

The sequence of edges in C 2 is a permutation of the sequence of edges in C\, so (nGi) _1 (nC2) £ 
G', Also, since a does not centralize G', it is not difficult to see that (nGi) _1 (nG2) is nontrivial, 
and therefore generates G'. □ 

Lemma 4.3. Assume 

• G' = Z P M x Z q v , where p and q are prime, 

• s n G' = 0, 

• there exist a,b £ SU S -1 , with a ^ b, such that aG' = 6G', 

• the generating set S is minimal, and 

• |G|isodd. 

Then there is a hamiltonian cycle in Cay(G; S). 
Proof. Write b = aj, with 7 € G'. 



Case 7. Assume (7) = G'. We apply Marusic's Method (2.10) so Lemma 2.8 allows us to assume 
G' = Z p x Z q . Since \a\ > 3, it is easy to find an oriented hamiltonian cycle Go in Cay(G; 5) 
that has (at least) 2 oriented edges ot\ and a 2 that are labeled a. We construct two more hamiltonian 
cycles Gi and G2 by replacing one or both of a\ and a 2 with a fo-edge. (Replace one a-edge to 
obtain C\\ replace both to obtain G2.) Then there are conjugates 71 and 72 of 7, such that 



note 1 
.IA2L 



(nGo)" 1 ^) = 71, (uGy 1 ^) = 72, (nco)- 1 ^) = 7172. 
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By the assumption of this case, we know that 71 and 72 generate G' . Also, since \G\ is odd, we know 
that no element of G inverts any nontrivial element of G', so 7! 72 also generates G'. Therefore, 
Marusic's Method [(2.1 l)f T} applies. 

Case 2. Assume (7) 7^ G'. Since S is minimal, we know (7) contains either Z pfi or 7L q ». By the 
assumption of this case, we know it does not contain both. So let us assume (7) = N x 7L q » , where 
N is a proper subgroup of Z p » . 

Assume, for the moment, that G/(G') P is not the nonabelian group of order 27 and exponent 3. 

allows us to assume G' — Z„ x Z q . Applying 



We use Marusic's Method 
Theorem 



4.1 



(2.10) 



so Lemma 



2.8 



to G/Z q provides us with hamiltonian cycles C\ and C2 in Cay(G/G"; S \ {b}), 
such that ((nCi)~ 1 (nC2)) contains Z p . (Furthermore, the two cycles have an oriented edge in 
common.) Since S is a minimal generating set, we know that Cj contains an edge labelled a . 
(In fact, more than one, so we can take one that is not the edge in common with the other cycle.) 
Assume, without loss of generality, that it is labelled a. Replacing this edge with b re sults in a 
hamiltonian cycle C[, such that ((Jld)- 1 (UC^) = (7) = Z ? . Then Marusic's Method |(2. 1 l)p i 
applies. 

We may now assume that Gj (G') p is the nonabelian group of order 27 and exponent 3. Then 



G/(j) is a 3-group, so Theorem |2.12 tells us there is a directed hamiltonian cycle Cq in the Cayley 
digraph Cay (G /("/); S \ {6}). Since S \ {b} is a minimal generating set of G/(j), there must be 
at least two edges a% and a 2 that are labeled a in C. Now the proof of Case [T] applies (but with (7) 
in the place of G'). □ 



5 Proof of Theorem O 

Assumption 5.1. We always assume: 

1. The generating set S is minimal. 

2. S n G' = (see Corollary [2~T7) . 

3. p and q are distinct (see Theorem |1.1| >. 

4. G is not nilpotent (see Theorem |2.1 3 1 >. This implies G/(G') pq is not nilpotent [9 Satz 3.5, 
p. 270]. 



5. There do not exist a, b 6 S U S with a =^ b and aG' = bG' (see Lemma 4.3 1 



6. There does not exist s € S, such that G 1 C (s) (see Theorem 2. 16 1 



Remark 5.2. We consider several cases that are exhaustive up to permutations of the variables a, b, 
and c, and interchanging p and q. Here is an outline of the cases: 

• There exist a,b G S, such that ([a, b]) = G' . 

fl53) 6e (a). 

( gg) b £ (a) and |a| > 5. 

( |53T > |a| = |6| = 3 and (a) ^ (b). 

• There exist a,b,c E S, such that Z pf i C ([a, 6]) and Z g ^ C ([a, c]). 

d5?7l i 6,ce (a). 



a) C (a, 6) C (a, 6, c). 
5^1 a centralizes G'/{G') pq . 
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d5J0) b,c<£ (a). 

( |5.11| l c e (a) and 5 (a) 



• There do not exist a, fe, c € 5, such that ([a, 6], [a, c]) = G". (5.12 1 
Case 5.3. Assume there exist a,b E S, such that ([a, b]) = G' and b E (a). 



Proof. We use Marusic's Method 
(a, b) — G. Furthermore, Lemma 
b = a, and choose 7 € G', such that b = a k j. Note that 



(2.11) so there is no harm in assuming S = {a, b}. Then (a) = 
2.8 allows us to assume G' = 7L vq . Let n = \a\ = \G\, fix k with 



• a" = e (since Corollary 2.20 implies that a cannot centralize a nontrivial subgroup of G'), 
and 

• (7) = G' (since (a) k (7) = (a, 6) = G). 

We may assume 1 < fc < n/2, by replacing 6 with its inverse if necessary. We may also assume 
n > 5 (otherwise, we must have k = 1, contrary to Assumption |5 . 1 | 5]l). Therefore n — k — 2 > 0. 
We have the following three hamiltonian cycles in Cay(G; a, b): 



C 2 = (a 



t-fc-i 



-(k-i) 



,6), 



C 3 = (a< 



i-fe-2 



Gi = (a"), 
Their voltages are 

riGi = a" = e, 

IIG 2 = a" - *- 1 ^* -1 ^ = a n - fe - 1 (a fc 7)a _(fe_1) (a fe 7) = 
HC 3 = a n - k - 2 ba- {k - l) ba = o -1 (o n -*- 1 6o- ( *- 1) 6)a = (nG 2 ) a 



M^ _1) ,M). 



a 1 7a7 



7 7, 



Since |G| is odd, we know that a does not invert Z p or Z g . Therefore 1TG2 generates G'. Hence, 
the conjugate IIG3 must also generate G'. Furthermore, as was mentioned above, we know that a 
does not centralize any nontrivial element of G', so (n^XlIGs) -1 also generates G'. (Also note 
that all three hamiltonian cycles contain the oriented edge (a).) Hence, Marusic's Method (2.1 l)fl T 
applies. 



□ 

Case 5.4. Assume there exist a,b E S, such that ([a, b]) = G' and b ^ (a). Also assume \a\ > 5. 

Proof (cf. proof of ifTUl Case 4.3]). We us e Marusic's Method (2. 1 1) so there is no harm in assum- 
ing S = {a, b}. Furthermore, Lemma 2.8 allows us to assume G' = Z p9 . Let d = \G/(a) |, so there 

is some r with t> d a r — e and < r < \a\. We may assume r < \a\ — 2, by replacing b with its 
inverse if necessary. 

■ to the hamiltonian cycle (b~ d ) yields hamiltonian cycles Go, C\, and G 2 



3.3 



Applying Corollary '. 

(since 2 = 5 — 3 < \a\ — 3). Note that all of these contain the oriented edge Furthermore, 
the voltage of Ck is 

UC k ^7r[a- k ,b}[a- k ,b} a '\ 

where it ~ HCo is independent of k. 

Since [a -1 , b] generates G', and a does not invert any nontrivial element of G' (recall that |G| is 
odd), it is easy to see that G' is generated by the difference of any two of 

e, [a-\ b], and [a~ 2 , b] = [a -1 , 6][a _1 , b] a ^ . 

Using again the fact that a does not invert any element of G', this implies that G' is generated by the 
difference of any two of the three voltages, so Marusic's Method [(2.11)f T]) applies. □ 
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note N 

Ja3L 



note^ 
JEM; 

'note^ 



Case 5.5. Assume there exist a,b e S, such that ([a, b]) = G', \a\ = \b\ = 3 and (a) 7^ (fe). 
Proof. This proof is rather lengthy. It can be found in Section|6] □ 

Assumption 5.6. Henceforth, we assume there do not exist a.b E SU S 1-1 , such that ([a, b}) = G' . 
Case 5.7. Assume Z p ^ C ([a,b]),Z q u C ([a, c]}, and (b, c) C (a). 



Proof. We use Marusic's Method [(2.1 1) so there is no harm in assuming S = {a, b 1 c}. (Further- 



more, Lemma 



2.8 



allows us to assume G' = 7L vq , so ( [a , 6] ) = Z p and ([a, c]) = Z g .) Then, since 
b, c € (a), we must have (a) = G. Therefore, Corollary 2.20 tells us that a does not centralize any 
nonidentity element of G' . Fix k and I with 6 = a* and c = a £ . We may write 6 = a fe 7i and 
c = a £ 72, for some 71 e Z p and 72 G 7 9 - 

Since 1, fc, and t are distinct (see Assumption 5.1p i), we may assume 1 < k < £ < n/2, by 
interchanging b and c and/or replacing b and/or c with its inverse if necessary. Therefore £ > 3 and 
k + I < n — 2, so we have the following three hamiltonian cycles in Cay(G; a, b, c): 

C x = (a- n ) 

C 2 = (a-^.c, 6,a-( fc - x ),6, a"- fe - £ - 2 , c) 

G 3 = (a- ( ^ 2) ,c, 6,a-( fc - x ),6, a""^" 2 , c^" 1 ). 

Note that each of these contains the oriented edge (a -1 ). 

Since a does not centralize any nonidentity element of G', we know IICi = e. A straightforward 
calculation shows 

nC 2 = (7i7r 1 ) Q "(7 2 Q "7 2 ), 

which generates G' . Therefore, UC 3 = (nC* 2 ) a_1 and (UC 2 r 1 (UC 3 ) also generate G'. (For 
the latter, note that a -1 does not centralize any nonidentity element of G'.) Therefore Marusic's 
Memod [(2~TT)p ]i applies. □ 



Case 5.8. Assume Z pt . C ([a, 6]), 1 q v C ([a, c]), and there exists s G {a, b}, such that (a) C 

(a, s) C (a, 6, c). 



Proof. We use Marusic's Method (2.11) so there is no harm in assuming S = {a, b, c}. Further- 
more, Lemma 2.8 allows us to assume G' = Z p9 , so ([a, 6]) = Z p and ([a, c]) = % q . Choose 
A, B, C > 3, such that a A — e, and every element of G can be written uniquely in the form 

< x < A, 
a x b y c z with < y < B, 
< z < C. 

More precisely, we may let 



A = \a\,B = \(a,b) : (a)\, C = \G : (a,b)\ if s = b, 
A = \a\,C= \(a,c) : (a)\, B = \G : (o,c)| if s = c. 
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Then we have the following hamiltonian cycle X in Cay(G; a, b, c) (see Figure]^: 



X 



(a, (a A -\ (6, a-^, 6, a^" 1 )^" 1 )/ 2 , c, 

(a-^ 1 ), ft" 1 , a^" 1 , b" 1 )^- 1 )/ 2 , a^( A - 2 ), c) 
b, a-\b B -\a, (a A - 2 , b~\ a"^" 2 ), fc" 1 )^" 3 )/ 2 , 



(C-l)/2 



/- 2 ,6- 1 ,fl-^ 3 'r 1 ,a A - 2 , C -( c - 1 ' 



We obtain a new hamiltonian cycle AT P by replacing a subpath of the form [g] (a A 1 ,b,a ^ A 
with [^(a-^-^jb.a^" 1 ). Then (IUQ-^IIXp) is a conjugate of 



Similarly, replacing a subpath of the form [g] (a" 4 " 1 , c, a^" 4-1 )) with [g] (a - '" 4-1 ) , c, a' 4-1 ) results 
in a hamiltonian cycle X 9 , such that (IIX)~ 1 (nX q ) is a conjugate of [c, a A_1 ] a [c, a A_1 ]. Further- 
more, doing both replacements results in a hamiltonian cycle X?, such that (ITX P ) -1 (IIXJ) is also 
a conjugate of Note that all four of these hamiltonian cycles contain the oriented 

edge c(c _1 ). 

Since G' % (a) (see Assumption 5.l| 6 1), we may assume a A £ Z p (by interchanging p and q if 



necessary). Since [c, a] € Z g , this implies that c centralizes a A , so [c, a' 4 ^ 1 ] = [c, a" 1 ] generates Z g . 
Since a does not invert any nontrivial element of Z (recall that G has odd order), this implies that 

[c, a 4_1 ] a [c, a' 4-1 ] generates Z 



A-n 



Assume, for the moment, that [6, a ] generates Z p . Since a does not invert any nontr ivial ele - 
ment of Z p , this implies that [6, a" 4-1 ]"^, a" 4 " 1 ] generates Z p . Therefore, Marusic's Method (2.1 l)p i 
applies. 

We may now assume [b, a" 4-1 ] does not generate Z p . This means [b, a" 4-1 ] = e. Since [6, a -1 ] 7^ 
e, we conclude that [b, a A ] 7^ e, so 



b does not centralize Z 
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Figure 4: A hamiltonian cycle Y\ 



We have the following hamiltonian cycle Y\ in Cay(G; a, b, c) (see Figure]^: 

Y 1 = U,(b B -^(a,b-( B - 2 \a,b B - 2 )( A - 1 V 2 ,b,a-( A - 1 \c, 



-(fl-3) 



\ a, (a A - 2 , b-\ a^ A - 2 \ b- 1 )^/ 2 , a A ~\ c^" 1 )) . 



(C-l)/2 



note^ 

,E2> 



We create a new hamiltonian cycle Yz by replacing a subpath of the form 



-(A-l) 



,c,a 



A-l\ 



-.A-l 



-(A i)\ ^is is the same as the construction of X„ from X, but with a and a 1 



with [ 5 ] (, 

interchanged, so the same calculation shows (n Y\ ) ~ 1 (III2 ) is a conjugate of [c, a 
which generates Z r Furthermore, since Y% and y 2 both contain the oriented path \b B ~ 3 ](b , a, b^ 1 ) 



-(A-l) 
B-31 



c, a 



-(A-l)l 



and either the oriented edge [b 2 ](a) or the oriented edge [b 2 a](a 1 ), Remark 3.2 provides 



hamiltonian cycles Y[ and Y" 2 ', such that (HYi) (IIK/) generates Z p . Since all four hamiltonian 



cycles contain the oriented edge [c] (c 1 ), Marusic's Method (2.1 1)| 2 1 applies. 
Case 5.9. Assume 1 P » C ([a,6]),Z 5 » C ([a, c]), and a centralizes G'/(G') pq . 



□ 



Proof. We use Marusic's Method [(2. 1 1) so there is no harm in assuming 5 = {a, 6, c}. Further- 



more, Lemma 



2.8 



allows us to assume G = Z p(J , so ([a, b]) = Z p and ([a, c]) = Z 9 



Note that [a, b 1 , c] e Z p , [c,a , b) € Z g , and [6, c , a] = e (because a centralizes G'). Since 
Z p n Z g = {e}, and the Three-Subgroup Lemma |7 Thm. 2.3, p. 19] tells us 

[a,b-\c} b [b,c- 1 ,a} c [c,a- 1 ,b} a = e, 

we conclude that [a, b^ 1 , c] = [c, a -1 , b] = e, so 

c centralizes Z p and centralizes % q . 



We know G' <2 Z(G), because G is not nilpotent (see Assumption 5-lp i). Since a central- 
izes G', this implies we may assume c does not centralize G' (by interchanging b and c if necessary). 
So c does not centralize Z 9 . Since a, &, and G' all centra lize Z g , this implies c ^ (a, 6, G'). In other 



words, c ^ (a, 6). Furthermore, applying Corol lary 
Therefore (a) C (a, 6) C (a, 5, c), so Case 



2.20 



applies. 



to the group (a, 6) tells us that (a) 7^ (a, 6). 

□ 



Case 5.10. Assume Z p ^ C ([a, b]),Z qV C ([a, c]), and 6, c ^ (a). 
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Proof. We use Marusic's Method (2.11) so there is no harm in assuming S = {a, b, c}. Further- 
more, Lemma 2.8 allows us to assume G' = Z pq , so ([a, 6]) = Z p and ([a, c]) = % q . We may 
assume (a, b) — (a, c) = G, for otherwise Case 5.8 applies. 

Let us begin by showing that a does not centralize any nontrivial element of G' . Suppose not. 
Then we may assume that a centralizes Z p . Let G = G/Z 9 = G/([a, c]). Since (a, c, G') — G, we 
know that (a, c, 1 p ) = G , so a is in the center of G. This contradicts the fact that ([a, b}) = Z p is 
nontrivial. 

Since G is abelian (and because 6, c ^ (a)), it is easy to choose a hamiltonian cycle (si)f =1 in 
Cay(G/(a); S) that contains both an edge labeled b (or and an edge labeled c (or c" 1 ). Note 
that 



-2»+l' 



-(|a|-2) 



,^,« |S| - 2 )£ 1)/2 ,«) 



C =(( Sl )t 1 1 ,al a l- 1 ,( S - 
is a hamiltonian cycle in Cay(G; S). 

Subcase i. Assume \a\ > 3. We may assume si = b^ 1 and S2 = c _1 . Then Co contains the four 

^-^^(o-Sft.o), [S" 1 ]^" 1 ), [6- 1 c- 1 a- a ](o,c,o- 1 ). 

so Remark ! 



subpaths 



Therefore, we may let g be either b 1 or 6 x c 1 in Lemma 3.1 so Remark 3.2p i tells us we have 
hamiltonian cycles C b and C c , such that (nC )" 1 (nC b ) is a generator of Z p , and (nC ) _1 (nC c ) is 
a generator of Z g . Since |a| > 3, we see that C\ like Co, contains [fe _1 ](c _1 ) and [b~ 1 c~ 1 a~ 2 ](a, c, a 
3.2p i provides a hamiltonian cycle C h c , such that (IlC b )~ 1 (IlC b ) is a generator of Z, 



so Remark 

Therefore, Marusic's Method [(2.11)p i applies (since each of these four hamiltonian cycles contains 
the oriented edge [a _1 ](a)). 

Subcase ii. Assume d > 3. We may assume si = b^ 1 and S3 = c _1 . Then Co contains the four 
subpaths 

[6 _1 a 2 ](a _1 , b, a), [S1S2KC" 1 ), [sis 2 c~ 1 a 2 ](a~ 1 , c, a). 

Therefore, we may let g be either 6 _1 or s^c -1 in Lemma 3.1 so Remark 3~2p I tells us we have 
hamiltonian cycles C b and C c , such that (nCo)"^ 11 ^ 6 ) is a generator of Z p , and (nC )~ 1 (nC c ) 
is a genera tor o f Z g . It is clear that C b , like Co, contains [siS2](c _1 ) and [siS2C~ 1 a 2 ](a~ 1 , c, a), 
so Remark 3.2p i provides a hamiltonian cycle C b , such that (UC b )~ 1 (UC b ) is a generator of Z 9 . 



Therefore, Marusic's Method [(2.11)p ]) applies (since each of these four hamiltonian cycles contains 
the oriented edge [a -1 ] (a)). 

Subcase iii. Assume \a\ — 3 and d = 3. Since d = 3, we may assume b = c (mod(a)) (by 
replacing c with its inverse if necessary). Let 

Co = (b , c _1 , a 2 , c, a -1 , 6, a 2 ), 

so Co is a hamiltonian cycle in Cay(G; S). Then Co contains the four subpaths 

[6- 1 a 2 ](a- 1 ,6,a), [ft -1 ]^ 1 ), [6- 1 C - 1 a - 2 ](a, c, a" 1 ). 



Therefore, we may let g be either b 1 or 6 1 c 1 in Lemma 
hamiltonian cycles 



3.1 



so Remark 



3.2p 1 tells us we have 



C" = (a, b~ 



L ,c 1 ,a 2 ,c,b,a) 



and 



c c = (rSa-V-W.M 2 ), 
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such that (IICo) 1 (IIC b ) is a generator of Z p , and (IICo) 1 (IIC C ) is a generator of 7L q . Further- 



more, C c contains the oriented paths [ab 1 ](6) and [a 1 ](a,6 
Lemma 



3.1 



so, by letting g = a in 



(and replacing b with 6 x ), Remark 3~2p I tells us we have a hamiltonian cycle 

C£ = (a 2 ,& -1 ,c _1 ,o 2 ,c,a -1 ,6), 



such that (ITC C ) 1 (IK7£) is a generator of Z p . Therefore Marusic's Method (2.1 l)p i applies (since 
all four of these hamiltonian cycles contain the oriented edge [5" 1 c~ 1 ] (a)). □ 

Case 5.11. Assume Z pt . C ([a,b]),Z q v C ([a, c]),5G (a), and 6^ (a). 

Proof. We use Marusic's Method [(2. 10) so there is no harm in assuming S — {a, b, c}. Further- 



2.8 



— ^ pq , so ([a, b}) = Z p and ([a, c]) = Z 9 . Also note that, 
so we must have \a\ > 3. 



allo ws us to assume G 
5.l| 5 i, we know c ^ {"a 

Since c € (a), we have (a, 6) = G, so (6 d ) is a hamiltonian cycle in 
Choose r such that a r b d E G' and < r < \a\ — 1. Assume r < |o|/2 (so 

la' 

provides us with a hamiltonian cycle C° 



more, Lemma 
from Assumption 

Letd = \G/~(a)\ 
Cay(G/ (o); S) 

r < \a\ — 3), by replacing b with its inverse if necessary. Then letting k 

C\a\-3- 



3 in Corollary 3.3 



Choose £ with c = a , and write c = a 7, where Z 9 C (7). We may assume < t < \a\/2 
(by replacing c with its inverse, if necessary). Then £ < |<z| — 3, so we see from Figure [2] that 



C| S |_ 3 contains the path [a e b](a Replacing this with the path [a £ &](c 

in a hamiltonian cycle C 1 , such that (iTC ) _1 (IIG 1 ) is a conjugate of 



_1 ) results 



(a« 7 )- 



-v 7 )- 



7 



" 1 ( 7 - 1 ) a . 



Since |G| is odd, we know that a does not invert any nontrivial element of G', so this is a generator 
of (7), which contains ([a, c)) = Z„. 



Furthermore, from Figur 
the oriented path [6~ 1 a]_^a 



we may apply Lemma 



3.1 



G° and G 1 , such that (UC 

applies (since there are many oriented edges, such as 
cycles). 



we see that G| a |_3 contains both the oriented edge [6 _1 a _1 ](fe) and 
a). Then, by constructio n, G 1 also contains these paths. Therefore, 
3.2p " 1 tells us we have hamiltoni an cycl es 

(2.11)p l 



so Remark 



with g = b 

' 1 _1 (nG l ) is a generator of Z p . Therefore Marusic's Method 



](a ), that are in all four hamiltonian 

□ 



Case 5.12. Assume there do not exist a,b,c E S, such that ([a, b], [a, c]) = G'. 

Proof. Let G = G/ {G') pq , so G' = 1 pq . The assumption of this case implies that we may partition 
S into two nonempty sets S p and S q , such that 

• S p centralizes S q in G, and 

• for r 6 {p, q}, and a, b E S r , we have [a, b] & Z r . 

Let G p = (S p ), G q = (S q ), and Z = G p n G q C Z(G). 

Since G is not nilpotent (see Assumption 5.l| 4i), we know that G' ^ Z(G). Therefore, we may 
assume Z q % Z(G) (by interchanging p and q if necessary). Since G p n G q C Z(G), this implies 
Z 9 ^ Gp. " ^ ' — ~ " 

Subcase i. Assume f/zere ejc/if a p ,b p , a q ,b q E S, such that ([a pi b p ]) = Z p , ([a q , b q \) = Z 9 , and 

{bp, b q } is a minimal generating set of (~Op~, b p , Oq~, b q ) / (ap~, Oq~). 
with Sq = {a p ,b p ,a q ,b q }. Assume, for simplicity, that S = Sq. 
G' = Z pq , so G = G. 



We use Marusic's Method 
Lemma 



2.8 



(2.10) 



allows us to assume 



After perhaps replacing some generators with their inverses, it is easy to find: 
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• a hamiltonian cycle (si)t=i m Cay((a^, a^); a p , a q ), such that s m _2 = a p and s m _i = a g , 
and 

• a hamiltonian cycle in Cay(G/(a^, a^); 6 P , such that ij = b p and 43 = 6 g . 
We have the following hamiltonian cycle C in Cay(G; 5): 



note 

EH 



note 

EE 



Much as in the proof of Lemma 3.1 we construct a hamiltonian cycle C\ by 

• replacing the oriented edge \s^b p \(b~ x } with the path [s~ 1 & p ](a~ 1 , bp 1 , a q ), and 

• the oriented path [s'^ n 1 a~ 1 a~ 1 ](a p ,b pi a^ 1 ) with [s~ 1 a~ 1 a~ 1 ](fo p ). 

Then there exist g,h E G, such that 

(ITCor^nd) = [b p \a q \v [a-\b p ] h = e° ■ [a p \b p ] h = [a p \b p ] h , 

which generates 7L p . 

Similarly, we may construct hamiltonian cycles C' and C[ from Co and C\ by 

• replacing the oriented edge \s^t\tib q \(f)~ 1 ^) with the path [s~^t 1 t2b q ](a~ 1 , a q ), and 

• the oriented path [s~ l 1 a- 1 a~ 1 t 1 t 2 }(a p ,b q , a" 1 ) with [s~ 1 a~ 1 a~ 1 tii 2 ](& 9 ). 

Then, for k € {0, 1}, essentially the same calculation shows there exist </, /i' E G, such that 

(nGfe)- 1 ^) = [67 1 ) a,]»'[o; 1 ,6 g ] v = [fo- 1 ,^] 9 ' -e"' = [b q \a q /, 
which generates Z q . 

All four hamiltonian cycles contain the oriented edge (si), so Marusic's Method (2.11)p i ap- 
plies. 

Subcase ii. Assume G p is not the nonabelian group of order 27 and exponent 3. We will apply 
Marusic's Method (2.1 1) so Lemma 2.8 allows us to assume G' = Z pq , which means G = G. 

Claim. We may assume S q D (G' Z) = 0. Suppose a q £ S q D (G'Z). By the minimality of S, 
we know a q ^ G p . Since Z and Z p are contained in G p , this implies G' C (G p , a ? ). Therefore, 
the minimality of 5 implies that 5 g \ {a 9 } is a minimal generating set of Gj (G p ,a^). So Subcase]!] 
applies. This completes the proo f of the claim. 

Now, applying Corollary 4.2 to G q tells us there exist hamiltonian cycles C q and C' q in Cay(G g /Z; S q ), 
such that C q and C' Q ha ve an oriented edge in common, and ((J\C q )~ 1 (J\C' q )) = 7L q . 

provides hamiltonian cycles C p and C' p in Cay(G p ; S p ), such that C p and C' p 



Also, Theorem 



4.1 



have an oriented edge in common, and ((n.C p ) (HC' p )) = Z p . 

For r E {p, q}, write C r = (s r ,i)"=i ar, d C' r = (ir,j)"=i- Since C r and C' r have an edge in 
common, we may assume s r nr = t rnr . 

Let 

^ — I V*p,i7i=l 1 \°q,i)i=l : V 5 p,n P -2i+l' ^g,n,-jVj = l ' p,n p — 2i ' \ Q>J f j—2 ) j = l > *9,n, I • 

(5.12A) 
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Then G is a hamiltonian cycle in Cay(G; S). 

For r 6 {p, q}, a path of the form [g](s ri i)™li appears near the start of G. We obtain a new 
hamiltonian cycle C r in Cay(G; S) by replacing this with [g](t r ,i)™21i . We can also construct a 
hamiltonian cycle G p ' 9 by making both replacements. Then 



and 



((uc)-\uc r )) = ((nc,)- 1 ^;)) = z r 



((uc^-^nc^)) = ((nc,)- 1 ^)) = z p , 



so Marusic's Method (2.1 l)p )> applies (since all four hamiltonian cycles contain the oriented edge 

[ S q,n q ]( s q,n q ))- 

Subcase iii. Assume G p is the nonabelian group of order 27 and exponent 3. We have p = 3, 
2"3T|2] > tells us~/u = 1; i.e., G' = Z 3 x Z r . Therefore G = G/(G') q 



and Lemma 



Let C p (sp,i)fXi ^ e a hamiltonian cycle in Cay(G p ; S p j. Also, for r = q, Theorem 4.1 
provides hamiltonian cycles C q = (s g .i)"=i an d C' q = in Cay(G g ; 5* q ), such that s qy7lq = 

t q:rlq and (IiC q )~ 1 (JlC' q ) generates Z g ^. Define the hamiltonian cycle G as in (5.12Ai (with : 

27). We obtain a new hamiltonian cycle C q in Cay(G; S) by replacing an occurrence of (s g ,i) 
with the path 



Much as in Subcase ii we have 



n q — 1 
i=l 



((rjG)- 1 !!!^)) = ((uc q )- 1 (uc'))=z q , 



so IIG and IIG g cannot both be trivial. Therefore, applying the Factor Group Lemma (2.7) with N 
Z q provides a hamiltonian cycle in Cay(G; S), and then Lemma 2.8 
cycle in Cay(G; S). 

6 Proof of Case S3] 



tells us there is a hamiltonian 

□ 



In this section, we prove Case 5.5 Therefore, the following assumption is always in effect: 
Assumption 6.1. Assume there exist a,b £ S, such that ([a, b]) — G', |a| = |6| = 3, and (a) ^ (6). 

We consider two cases: 
Case L Assume #5 > 2. 

Proof. Let c be a third element of 5, and let £ = |G : (a, 6) | . (Since S is a minimal generating 
set, and G' = ([a, 6]) C (a, 6), we must have £ > 1.) We use Marusic's Method (2.10) with 
{a, b, c}; assume, for simplicity, that S — Sq. Lemma 



S 



2.8 



allows us to assume G' = Z pq . Let 



( Sl )ti = ((b,c,b-\cf-^,b",c-^,b), 
so (si)?£ 1 is a hamiltonian cycle in Cay(G/(o); &, c). Note that 

si = s 5 = 6. 

= e, so we have the following 



From the definition of (s;)?=i' it is easy to see that TIi=i 
hamiltonian cycle Cq in Cay(G; a, 6, c) (see Figurepl: 

Co = {{s^fsf , a' 1 , s 3 i- 2 , s 3i ^ 1 , a' 1 , s 3e , 

I -1 n3(£-1)/2 -1 \ 




e si s 2 s 3 ... s 3 £_ 3 s 3 i-i 

Figure 5: A hamiltonian cycle Cq. 



Since si = b, we see that Go contains both the oriented edge (6) and the oriented path [a 2 ] (a, b, a 
so Lemma |3~T| provides a hamiltonian cycle C\, such that 

(nC ) _1 (nCi) is a conjugate of [a, fe _1 ][a, fr" 1 ]". 

Similarly, since S5 = 6 and S1S2S3S4 = c 2 , we see that C\ contains both the oriented edge [c 2 ](fe) 
and the oriented path [c 2 a~ 2 ](a, b, a -1 ), so Lemma 3.1 provides a hamiltonian cycle C2, such that 

(UC 1 y 1 {UC 2 ) is also a conjugate of [a, [a, 

Since no element of G inverts any nontrivial element of G' (recall that \ G\ is odd), this implies that 
(iTCj) _1 (nCj) generates G' whenever i ^ j. So Marusic's Method (2.1 l)p "i applies (since all 
three hamiltonian cycles contain the oriented edge [si](sa). □ 

Case II. Assume #5 = 2. 



Proof. We have S = {a, b}, so \G\ = Qp^q" . We may assume p, q > 3, for otherwise Corollary 2. 15 
applies (perhaps after interchanging p and q). 

One very special case with a lengthy proof will be covered separately: 



Assumption 6.2. Assume Proposition 6.4 below does not provide a hamiltonian cycle in Cay(G; S). 

Under this assumption, we will always use the Factor Group Lemma (2.7) with N = G', so 
Lemma 2.8 allows us to assume G' — Z pq . 
Let 

(7 = (o -2 ,6 _1 ,o,6 -1 ,o- 2 ,6 2 ), 
so C is a hamiltonian cycle in Cay(G; a, b). We have 

TIC = a,- 2 b- 1 ab- 1 a- 2 b 2 = [a,b} a [a,b}[a,b} b ( a - 3 f . 



Let G = G/Z p , soG' = Z q . Since p,q > 3, we know gcd(|G|, |G'|) = 1, so G 
Thm. 6.2. l(i)]. Therefore G' n Z(G) is trivial, so we may 

assume that a does not centralize Z„ 



(6.2A) 
GkG'0 



(perhaps after interchanging a with b). Therefore a acts on Z g via a nontrivial cube root of unity. 



Since the nontrivial cube roots of unity are the roots of the polynomial x 



1, this implies that 



,b] a [a,b] a [a,b] = 



e, so 



[a,b] a [a,b} = ([a,bf)- 1 = ([a,b] a ' 1 )- 1 
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(since \a\ = 3). Furthermore, a 3 = e (since a has trivial centralizer in Z q ). Hence, 

EC = [a, b} a [a,b] [a,b} b (g- 3 f 
= ([a,b] a ~ 1 )- 1 [a,b] b e 

= (M a "V 1 M b . 

Therefore 

EC ^ e unless y b = y a ^ for all y e Z q . (6.2B) 

Hence, we may assume (EC) contains Z q (by replacing b with its inverse if necessary). 

Subcase i. Assume a centralizes Z p . Since C n .Z'(G) is trivial, we know that b does not 



centralize Z p . Also, we may assume (nC) ^ G', for otherwise the Factor Group Lemma (2.7) 
applies. Therefore nG must project trivially to Z p . Fixing r, k G Z with 



,6] b = [a,6] r and a~ 3 = [a, 6; 



(and using the fact that r 2 4- 
0=1 + 1 



1 = (modp)), we see from (6.2A i that this means 

-I- kr 2 = 1 - r 2 + kr 2 = r 2 (r - 1 + k) (modp), 



so 



k — 1 — r (modp). 



Therefore k ^ (modp) (since 7- is a primitive cube root of unity). Also, since a centralizes Z p , we 
have 



-kr 



(fob- 1 ]- 1 ) 



- k r 



([a,b] b 



[a, 61 



(a -1 )" 3 (modZ„). 



Therefore, replacing a and 6 with their inverses replaces k with — kr (modulo p), and it obviously 
replaces r with r 2 . Hence, we may assume that we also have 



— kr = 1 — r 2 = r 3 — r 2 = —(1 — r)r 2 = — fcr 2 (modp), 

so r = 1 (modp). This contradicts the fact that 6 does not centralize 1 p . 

Subcase ii. Assume a does not centralize Z p . We may assume that the preceding subcase does 
not apply when a and 6 are interchanged (and perhaps p and q are also interchanged). Therefore, we 
may assume that either 

• 6 centralizes both Z p and Z q , in which case, interchanging p and q in (6.2B I tells us that nG 
projects nontrivially to both Z p and Z q , so the Factor Group Lemma (2.7) applies, or 

• 6 has trivial centralizer in G' . 

Henceforth, we assume a and 6 both have trivial centralizer in C . 

We may assume y b = y a for y E Z q , by replacing 6 with its inverse if necessary. We may also 
assume (nG) ^ G' (for otherwise the Factor Group Lemma (2.7) applies). Since (nG) contains Z q , 
this means that (IIG) does not contain Z p . By interchanging p and q in (6.2B i, we conclude that 
x b = x a for x G Z p . We are now in the situation where a hamiltonian cycle in Cay(G; a, 6) is 
provided by Proposition|6.4|below. □ 



Odd-order Cayley graphs with commutator subgroup of order pq are hamiltonian 
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The remainder of this section proves Proposition 6.4 by applying the Factor Group Lemma (2.7) 
with N = 7L q u . To this end, the following lemma provides a hamiltonian cycle in Cay (G/Z q v ; S). 

Lemma 6.3. Assume 

• G = Z p „ x (Z 3 x Z 3 ) = (x) x ((a) x (b Q )), withp > 3, 

• b = xbo, 

• x b = x a = x r , where r is a primitive cube root of unity in Z pt », 

• k G Z, such that 

o fc = 1 (mod 3), 

o k = r (modp M ), and 

o < fc < 3^, 

• £ is the multiplicative inverse of fc, modulo 3p M (and < I < Sp^), 

• C=(a,b- 2 , (a-\b 2 ) k -\a- 2 ,b 2 , (a, fr" 2 )^ -1 , a~ 2 , (&~ 2 , a) 3 ^" 1 ), and 

• C is the walk obtained from C by interchanging a and 6, and also interchanging k and £. 
Then either C or C is a hamiltonian cycle in Cay(G; a, 6). 

Proof. Define 

v 2l+ e = (ba) l b e force {0,1}, 

Wj = (ba) 3 b~ , 

and let V — {vi} and W — {uij}. Note that, since x ab = x, we have \ab\ = 3p M , so #V = 
and #VK = 3p M , so G is the disjoint union of V and W . With this in mind, it is easy to see that 
C\ = (&~ 2 , a) 3pf ' is a hamiltonian cycle in Cay(G; a, b). 

Removing the edges of the subpaths (b~ 2 ) and [(ba) k ](b~ 2 , a, b~ 2 ) from C\ results in two paths: 

• path Pi from b~ 2 = b to (ba) k , and 

• path P 2 from {ba) k+1 b to e (since (ba) k {b- 2 a^ 2 ) = (ba) k (bab) = (ba) k+1 b). 

The union of Pi and P2 covers all the vertices of G except the interior vertices of the removed 
subpaths, namely, 

all vertices except 6"\ (6a)* 6 -1 , (6a) fe 6, (6a) fe+1 , and (6a) fe+1 6" 1 . 

By ignoring y in calculation (6.4Ai below, we see that b^ 1 a^ 1 = (a _1 6 _1 ) fc , which means 

ab = {ba) k . 

Since b~ 2 = b, this implies 

ab' 2 = (ba) k . 

Also, since a -1 = a 2 , we have 

ba^b 2 = ba 2 b 2 = {ba){ab)b = (6a)((6a) fc )6 = {ba) k+1 b. 

Therefore 

Qi = (a, &~ 2 ) is a path from the end of P2 to the end of Pi , 
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and 

Q 2 = [b](a~ , b 2 ) is a path from the start of P\ to the start of P 2 . 
So, letting —Pi be the reverse of the walk Pi, we see that 

C* 2 = Qi U -Pi U Q 2 U P 2 

is a closed walk. 

Note that the interior vertices of Qi are 

a = {atyb- 1 = {bafb- 1 

and 

afo- 1 = (ab)b = (ba) k b, 

and the interior vertices of Q 2 are 

ba- 1 = ba 2 = (6a)(a6)6" 1 = (&a)(M fe & _1 = (H fe+1 & _1 

and 

ba-H = ({baf^b-^b = (ba) k+1 . 
These are all but one of the vertices that are not in the union of Pi and P 2 , so 

C 2 is a cycle that covers every vertex except b^ 1 . 

Notice that the only a-edge removed from C\ is [(ba) k b~ 2 ](a) = [(ba) k b](a). Since 

k 2 = (r 2 ) 2 = r 4 = r # 1 (modp^), 

and I is the multiplicative inverse of k, modulo 3p M , we know k ^ I, so this removed edge is not 
equal to [(ba) e b](a). Therefore [(baYb]{a) is an edge of C 2 . Now, we create a walk C* by removing 
this edge from C 2 , and replacing it with the path {(ba) l b](a~ 2 ). Since 

(ab) e = ((ba) k ) £ = (ba) u = ba, 
we see that the interior vertex of this path is 

[{bafb]^ 1 = [6(afe)>- 1 = [biba)}^ 1 = b 2 = b' 1 . 

Therefore C* covers every vertex, so it is a hamiltonian cycle. 

Since ab = (ba) k and ba = (ab) 1 , it is obvious that interchanging a and b will also interchange 
k and I. Therefore, we may assume k < £, by interchanging a and b if necessary. Then the edge 
[(6a)^6] (a) is in P 2 , rather than being in Pi . If we let P 2 be the path obtained by removing this edge 
from P 2 , and replacing it with [{ba) l b](a~ 2 ), then we have 

C=((a,b- 2 ), (a-\b 2 ) k -\a-\ (a~\b 2 ), (a, fr" 2 )^" 1 , a" 2 , (b~ \ a) 3 ^ 1 ) 
= Qi U -Pi U Q 2 U P' 2 

= c* 

is a hamiltonian cycle in Cay(G; a, 6). □ 
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Proposition 6.4. Assume 

• G = Z 3 x Z 3 , 

• G' — Z P M x ZgK, with p q and p, q > 3, 

• 5 = {a, b} has only two elements, 

• a and 6 have trivial centralizer in G', and 

• ab centralizes Z p m and ab^ 1 centralizes Z g ^. 

Then Cay(G; a, b) has a hamiltonian cycle. 

Proof. Since gcd(|G|, |G"|) = 1, we have 

G = G'xG = (Z p m x Z g ») x (Z 3 x Z 3 ). 

Write Z p n = (x) and % q u = (y). Since a does not centralize any nontrivial element of G' , we 
may assume a <E Z 3 x Z 3 (after replacing it by a conjugate). Write 6 = 760, with 7 € G' and 
60 € Z 3 x Z 3 . Since (a, b) = G, we must have (7) = G', so we may assume 7 = xy; therefore 
b = xyb Q . 

Choose r € Z with x a = x r . Since |a| = 3 and a does not centralize any nontrivial element 
of Z p m, we know that r is a primitive cube root of unity, modulo Also, since ab centralizes Z p m, 
we have x b = x r . 

Define k and I as in Lemma 6.3 Then, letting G = G/Z g * (and perhaps interchanging a with b), 
Lemma [631 tells us that 

C = (a, b-\ (a-\b 2 ) k -\a- 2 ,b 2 , (a, ft" 2 )'"*- 1 , a~ 2 , (&" 2 , a) 3 ^" 1 ) 

is a hamiltonian cycle in Cay (G; a, 6) . 

To calculate the voltage of C, choose s G Z with y a = y s , and let 

y x = y S°-(l + S+S 2 +-+S h - 1 ) = yS'-l 

(since 1 + s + s 2 = (mod q) and k = 1 (mod 3)), and note that 

(a-Vy = (^(xjA.)- 1 )" (6-4A) 
= (a- 1 6 - 1 2/ - 1 .x- 1 ) fe 

= x~ k (a~ 1 bQ 1 y~ 1 ) k (x commutes with a^ 1 b^ 1 and y) 

= x- r (a-% 1 ) k y-( 1+s+s2+ - +sk -^ 



k = r (modpV) and 



y a b = y a *>0 = y s = y ! 



= x r b Q 1 a 1 y s y x 



'a and b commute, k = 1 (mod 3),\ 
and definition of y\ 

= b^ 1 xr 1 y- 1 a- 1 y 1 (x r = x b ° and y 3 * = 1/ = y 0_I ) 



b 1 a 1 y s 1 (b = xyb and y x = y s 
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Therefore 

UC = o6- a (a- 1 6 2 ) fc - 1 a- a 6 2 (a6- a ) i - fc - 1 o- 3 (6- a o)* / '- < - 1 

= abia^b^f^ab^abf-^ajibaf^- 1 - 1 (\a\ = \b\ = 3) 

= a6(a- 1 6- 1 ) fe (a- 1 6- 1 )- 1 a6(6a)^" fe (6a)-^- 1 (|6a| = 3p") 

= ab{a- 1 b- 1 ) k (ba)ab(ba)- k (ba)- 1 

= i^ , - 1 6oi^ , - 1 o- 1 6 _1 

= /-V s2 - 1)s a/^^wW) 
= 2/ (s 2 -i)(i+^)_ 

Since s is a primitive cube root of unity modulo q v , we know s ^ ±1 (modg). Therefore, the 
exponent of y is not divisible by q, which means flC ^ (y q ), so UC generates Z q », Hence, the 



Factor Group Lemma (2.7) provides the desired hamiltonian cycle in Cay(G; a, b). □ 
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A Notes to aid the referee 



A.l. We may assume (G") 3 is trivial (by modding it out), so G' = Z(G). Therefore [a, b] E G' — 
Z(G), so we have [b, a 2 } = [b, a] 2 . We also have [a, b} 3 = e, since (G") 3 is trivial. Therefore 

(ab) 3 = (ab)(ab)(ab) = a 3 b a2 b a b = a 3 (b[b,a 2 })(b[b,a})(b) 

= a 3 (b[b,a] 2 )(b[b,a])(b) = a 3 b 3 [b, a} 3 = a 3 b 3 e = a 3 b 3 . 



A.l. Since we are only trying to show that something is nontrivial, there is no harm in modding 
out Z; thus, we may assume Z is trivial. Note that: 

• Z n G' is trivial, since Z is in the center, but a does not centralize G' = Z p . So G' is still 
nontrivial after we mod out Z. 

• Since a n G G' Z = G', and a obviously centralizes a", we have a n = e. 
Write b = a l 7 with 7 e G'Z = G' . We have 

Hd = 6 - (i-1) 6o n - < - 1 

= (a J 7 )a- (l - 1) (a i 7)a- ,; - 1 (6 = a ,; 7 and a" = e) 

= a l 7a7a~ l_1 

= (7 a 7) a_I " 



This is obviously nontrivial, since a (being of odd order) cannot invert 7. From Remark 2.6 

know nc*i = (nc 2 ) a , so 

(ndr^ncy = ((nc 2 ) a ) _1 (nc 2 ) = [a,nc 2 ] ± e, 

because a does not centralize G'. 



A.3. Write C\ = [g](si)f =1 , with cti being the final edge, so C 2 = [g] ((s*)^ 1 ^)- Then Re- 
mark |2.6| tells us 



A similar calculation applies to (IIC2) (IIC3). Then 



(udr^ncs) = ((nc 1 )- 1 (nc 2 ))((nc 2 )- 1 (nc 3 ) 



71 72- 
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A.4. Let us briefly explain why these cases are exhaustive. 

Case 1. Assum e the re exist a,b € S, such that ( [a, b] ) — G' . We may assume b £ (a) and a (b), for 
otherwise Case 5.3 app lies (perhaps after interchanging a and b). Then we may assume \ a\ = \b\ = 3, 
for otherwise Case 5.4 applies (per haps after interchanging a and b). Furthermore, since b ^ (a), we 



obviously have (a) ^ (b). So Case 



5.5 



applies. 

Case 2. Assume there exist a, b, c € S, such that (a, b, c)' = G' . Since (a, b,c)' — G' is cyclic, we 
know 

([s,t] | s,t € {a, 6, c}) = (a,b,c)' = Z pl t x Z g * 

(see lH Lem. 3.12]). Therefore, for r € {p, q}, there exist x p ,y p € {a, 6, c}, such that Z r * C 
([x r , j/ r ]). There cannot be four distinct elements of {a, 6, c}, so we may assume x p — x q . Then, 
letting a — x p , b — y p , and c = y„, we have Z. 
We may assume 6 



y ? , „^ ..^.^ ^ p 
a), for otherwise Case 



C 



a, 6]) andZ g - C ([a, c]). 
applies (perhaps after interchanging a and 6). 
Now, either Case 5.10 or Case |5.1 lj applies, depending on whether c ^ (a) or c e (a), respectively. 



5.7 



Ca.se 3. Assume there do not exist a, b, c G S, such that (a, 6, c)' = G' . Then Case 5.12 applies. 



A.5. Since b = a k and G' = Z p x Z 9 , we may write 6 = a*7iAi, for some 71 g Z p and Ai G Z 9 . 
We have [a, 6] = e (modZ p ) (since ([a, 6]) = Z p ), so 

e = [a, 6] = [a,a fc 7iAi] = 



,7iAi] = [a, Ai] (modZ p ). 



Since Corollary 2.20 tells us that a does not centralize Z 9 , this implies Ai = e. Therefore b = a k -fi, 
as claimed. 

Similarly, we have c = 0^72, for some 72 G Z 9 . 



A.6. We have 



nC* 2 = (a-^c) (kr^ft) (a"- fe -^ 2 c) 

= (a 72 ) (a' £ 7ia7i)(a _fc ~ 2 72) 

= 7 2 a "(a fc+1 7 i7r 1 «- fe - 1 )72 
= (7i7i Q ") a "(7 2 Q "72) 




(G" is abelian). 



A.7. Since [a, b] is a generator of Z p , it is nontrivial, so 6 7^ a fc . Therefore 71 is nontrivial, so it 
generates 7L p . Also, since \G\ is odd, we know a does not invert Z p . Therefore 717° 1 7^ e, so it 
also generates Z„. Hence, the conjugate (717° 1 ) a 1 is also a generator of Z p . 

Similarly, (72 1 -f 2 ) generates Z q . So the product (7! 7° 1 ) a * (73 ^2) generates Z p x 7L q = 

G. 
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A.8. Write X = [g](xi)f =1 , where (a*)?^ -1 - (a^ 1 , b, a^- 1 )), and let tt = l\- =2A x it so 
(UXy = (a^ba-^-V)* and (ni")« = (a"^" 1 )^- 1 )*. 

Then 

= 7r- 1 ((a A - 1 fe a -( A - 1 ))- 1 ( a -( A - 1 )6 fl A - 1 ))^, 

so (IUfJ-^IIXP) is a conjugate of (a^ba'^'Vy 1 (a'^-^ba^ 1 ) . 
Also, we have 

(a^ba-^y^a-^ba^ 1 ) 

= (a A - 1 b- 1 a-^)(a-( A - 1 ha A - 1 ) 

= a A - 1 (b- 1 a-( A -%a A - 1 )a-( A -V(b- 1 a-( A -Vba A - 1 ) 

= [b,a A -if~ A [b,a A - 1 ] 

r, i-iiar, 4-n /a" 4 € G" and G' is abelianA 

= [ & ' a ] ^ a ] ( so a A centralizes G" J" 



A.9. We have 

e = [a, 6 _1 , c] fc [&, c" 1 , a] c [c, a -1 , o] a (Three-Subgroup Lemma) 

= [a,b-\c} b -e c -[c,a-\b] a 
= [aX\c] b [c,a-\b] a , 

so 

[a,b-\c\ h =([c,a-\b] a y\ 

Since the left-hand side is in Z p and the right-hand side is in Z 9 , we conclude that they are both in 
Z p n Z 9 = {e}. So [a, 6 _1 , c] = [c, a^ 1 , &] = e. Exactly the same argument applies with any or all 
of a, b, and c replaced by their inverses, so we have [a, 6, c] = [c, a, b] — e. Since ([a, 6]) = Z p and 
([c, a]) = ([a, c]) = Z 9 , this implies that c centralizes Z p , and b centralizes 7L q . 



A.10. Assume, for simplicity, that (G') pq = {e}, so G = G. Let 

S p = { a e 5 | 36 G 5, ([a, 6]) = Z p } U (5 n Z(G)) 

and 

5 9 = {aeS*|3feeS*, ([a,6])=Z,}. 
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For any a e S \ Z(G), there is some b £ S, such that [a, 6] 7^ e. Since, by assumption, we have 
([a, b}) 7^ G', we must have either ([a, 6]) = Z p or ([a, 6]) = Z g . So a € 5 p or £ S' g . Therefore, 



Suppose a E S p P\ S q . Then there exist b, c 6 5, such that ([a, 6]) = Z p (because a £ S p ) and 
([a, c]) = Z g (because a € Therefore ([a, 6], [a, c]) = Z p x Z g = G", which contradicts the 
assumption of this case. 

So S p and S q do form a partition of S". Furthermore, it is clear that both sets are nonempty, 
because ( [s, t] | s, t e S) = G' = Z p x Z q J6] Lem. 3.12]. 



A.ll. 

^1^2 ' ' ' tn-1 




<~ SlS 2 • • ' S m _i 



A.12. Let C = so 

nc = M1U2 • • • u mn 

To calculate EECi, we 

• replace some appearance of 6 p 1 with a ? _1 6~ 1 a 9 , and 

• replace some appearance of a p 6 p a p 1 with 6 p . 
In other words, we multiply by the quantities 



for 1 ) 



9 p 



and 



(apfepflp 1 ) (bp) = [ap 1 , bp] 
at certain points, so 

nCi = uiu 2 ■■■Uk [bp ,a q ] Ufe+i • • • M^[a p 6 p ]u£ + i • • • u mn 
= uxu 2 ■ ■ ■u mn [bp 1 ,a q \ 9 [a~ 1 ,b p } h , 
where g = u k+1 ui +2 ■ ■ ■ u mn and h = ui + iu e+2 ■ ■ ■ u mn . 
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A.13. 

[a, b] a [a, b][a, b] b ( a - 3 f = a" 1 (a" 1 *)" 1 ab)a ■ (a^b^ab) ■ b' 1 (a"^" 1 ab)b ■ b^a^b 2 
= {a- 1 a- 1 ){b- 1 a){baa- 1 b- 1 ){abb- 1 a- 1 )b- 1 {a{bbb- 2 )a- 3 )b 2 
= (a- 2 )(b- 1 a)(e)(e)b- 1 (a- 2 )b 2 
= a-H^ab^a-H 2 
= UC. 



A.14. We have 

[a" 1 ^" 1 ] =aba- 1 b- 1 =a(6a- 1 6- 1 a)a- 1 = [6 _1 ,a] 0_1 = [6 _1 ,a] = [a,& _1 ] _1 

and 

[a^- 1 ]- 1 = [b-\a\ =ba- 1 b- 1 a = b(a- 1 b- 1 ab)b- 1 = b[a,b]b~ 1 = [a,b] b ^ . 



